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On the indecomposable involutive set-theoretic
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size
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Abstract
We develop a method to construct all the indecomposable involutive set-theoretic
solutions of the Yang-Baxter equation with a prime-power number of elements
and cyclic permutation group. Moreover, we give a complete classification of
the indecomposable ones having abelian permutation group and cardinality pq
(where p and q are prime numbers not necessarily distinct).
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1. Introduction
A set-theoretic solution of the Yang-Baxter equation, or shortly a solution, is
a pair (X, r) where X is a non-empty set and r an invertible map from X ×X
to itself such that
r1r2r1 = r2r1r2,
where r1 := r × idX and r2 := idX × r. Let λx : X → X and ρy : X → X be
maps such that
r(x, y) = (λx(y), ρy(x))
for all x, y ∈ X . A set-theoretic solution of the Yang-Baxter equation (X, r) is
said to be a left [ right ] non-degenerate if λx ∈ Sym(X) [ ρx ∈ Sym(X) ] for
every x ∈ X , and non-degenerate if it is left and right non-degenerate.
Drinfeld’s paper [13] stimulated much interest in this subject. In recent years,
after the seminal papers by Gateva-Ivanova and Van den Bergh [16] and Etingof,
Schedler and Soloviev [14] the involutive solutions r, i.e. r2 = idX×X , have re-
ceived a lot of attention (see, for example, [1, 7, 14, 15, 16, 21, 25]).
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In [14, Section 2.8], Etingof, Schedler and Soloviev showed that every involutive
non-degenerate decomposable solution (X, r) can be constructed starting from
two smaller solutions (Y, s) and (Z, t), where Y and Z are proper subsets of
X , s = r|Y×Y and t = r|Z×Z . Recall that an involutive non-degenerate solu-
tion (X, r) is said to be decomposable if there exists a partition {Y, Z} of X
such that r|Y×Y and r|Z×Z are non-degenerate solutions; otherwise, (X, r) is
called indecomposable. Therefore, a possible strategy to find all the involutive
non-degenerate solutions is the following: at first, construct all the indecom-
posable involutive non-degenerate solutions and then use the ideas developed
by Etingof, Schedler and Soloviev to construct the involutive non-degenerate
decomposable ones. In 1999 Etingof, Schedler and Soloviev [14] found, by com-
puter calculations, all the indecomposable involutive non-degenerate solutions
of cardinality at most eight; moreover, they showed that, up to isomorphism,
the unique indecomposable involutive non-degenerate solution having a prime
number p of elements is given by (Z/pZ, u) and u(x, y) := (y − 1, x + 1), for
every x, y ∈ Z/pZ.
In recent years, some authors used the links between involutive solutions and
other algebraic structures (see for example [11, 22, 16, 7, 12]) to provide new
descriptions of the indecomposable ones: in particular, in 2010 Chouraqui [11]
give a characterization of indecomposable involutive non-degenerate solutions
by Garside monoids, while A. Smoktunowicz and A. Smoktunowicz [24] charac-
terized these solutions by left braces. However, these interesting results do not
allow to provide easily new families of examples.
In that regard, the first two authors together with F. Catino [6] developed an
extension-theory of indecomposable involutive non-degenerate solutions that al-
low to construct concretely several new families of indecomposable involutive
solutions. The main tool used is the cycle set, an algebraic structure introduced
by the third author [21]. Recall that a non-empty set X with a binary operation
· is a cycle set if each left multiplication σx : X −→ X, y 7−→ x · y is invertible
and
(x · y) · (x · z) = (y · x) · (y · z),
for all x, y, z ∈ X . Moreover a cycle set (X, ·) is non-degenerate if the squaring
map q : X 7−→ X, x 7→ x · x is bijective. The third author [21] proved that
if (X, ·) is a non-degenerate cycle set, the map r : X ×X 7−→ X ×X defined
by r(x, y) := (λx(y), ρy(x)), where λx(y) := σ
−1
x (y) and ρy(x) := λx(y) · x, is a
non-degenerate involutive solution of the Yang-Baxter equation. Conversely, if
(X, r) is a non-degenerate involutive solution and · the binary operation given
by x ·y := λ−1x (y) for all x, y ∈ X , then (X, ·) is a non-degenerate cycle set. The
existence of this bijective correspondence allows us to move the study of involu-
tive non-degenerate solutions to non-degenerate cycle sets, as already made in
[2, 18, 5, 8, 4, 6, 3, 23, 25, 19].
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The goal of the first part of this paper is to provide families of indecomposable
involutive non-degenerate solutions by an approach, different from that used in
[6], for which the involutive Yang-Baxter Groups play a crucial role. Following
[9], a group G is said to be an involutive Yang-Baxter Group if there exists
an involutive non-degenerate solution (X, r) having (associated) permutation
group isomorphic to G. Following the stategy suggested by Cedo´, Jespers and
Del Rı´o [9] to classify finite involutive non-degenerate solutions (not necessar-
ily indecomposable), one can determine the class of the involutive Yang-Baxter
Groups and then describe all the involutive non-degenerate solutions having
a fixed Yang-Baxter Group G as associated permutation group. As noted in
[9], the second step of this approach seems to be very hard. However, this
became easier if we restrict to particular classes of indecomposable involutive
non-degenerate solutions: in Section 3 we give a method to construct all the
indecomposable involutive non-degenerate solutions having associated permu-
tation group isomorphic to (Z/pkZ,+) (where p is an arbitrary prime number
and k an arbitrary natural number). The use of this method will be a fun-
damental step to give a complete classification of indecomposable involutive
non-degenerate solutions of size p2 and cyclic permutation group. As we will
see, these solutions are multipermutational of level at most 2. An algorithm use-
ful to construct all the finite involutive non-degenerate solutions (not necessarily
indecomposable) of multipermutational level equal to 2 has been developed re-
cently in [17]. However, this algorithm is quite technical and does not include
any tools to distinguish the isomorphism classes. In the core of Section 4 we
will see that our method, which in full generality requires some technical hy-
pothesis, can be easily used to construct (without computer calculations) all
the indecomposable involutive non-degenerate solutions of size p2 having cyclic
permutation group and to distinguish the isomorphism classes.
In the last part of this paper we will consider indecomposable involutive non-
degenerate solutions of size pq (where p, q are prime numbers not necessarily
distinct) having abelian associated permutation group. In this context, we will
show two key-results. In the first one, we will see that every indecomposable
involutive non-degenerate solution of size pq (with p 6= q) and with cyclic per-
mutation group has multipermutational level equal to 1. In the second one,
we will prove that there is (up to isomorphisms) only one indecomposable in-
volutive non-degenerate solution of size p2 and with abelian non-cyclic permu-
tation group. These results will allow us to give a complete classification of
the indecomposable involutive non-degenerate solutions of size pq and abelian
permutation group.
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2. Some preliminary results
A non-empty set X with a binary operation · is a cycle set if each left multi-
plication σx : X −→ X, y 7−→ x · y is invertible and
(x · y) · (x · z) = (y · x) · (y · z), (1)
for all x, y, z ∈ X . A cycle set (X, ·) is non-degenerate if the squaring map
q : X 7−→ X, x 7→ x · x is bijective, and it is square-free if q = idX . It is known
that every finite cycle set is non-degenerate (see [21, Theorem 2]). Moreover,
the image σ(X) of the map σ : X −→ Sym(X), x 7→ σx can be endowed with
an induced binary operation
σx · σy := σx·y
which satisfies (1). The third author [21] showed that (σ(X), ·) is a (non-
degenerate) cycle set if and only if (X, ·) is non-degenerate. The cycle set σ(X)
is called the retraction of (X, ·).
Moreover, the cycle set (X, ·) is said to be irretractable if |X | > 1 and (σ(X), ·)
is isomorphic to (X, ·), otherwise it is called retractable.
A non-degenerate cycle set (X, ·) is called multipermutational of level m, if m is
the minimal non-negative integer such that σm(X) has cardinality one, where
σ0(X) := X and σn(X) := σ(σn−1(X)), for n ≥ 1.
In this case we write mpl(X) = m. Obviously a multipermutational cycle set is
retractable but the converse is not necessarly true.
The permutation group G(X) of X is the subgroup of Sym(X) generated by the
image σ(X) of σ. A subset Y of X is called G(X)-invariant when σx(Y ) ⊆ Y
for all x ∈ X . A cycle set X is said to be decomposable if there exists a partition
{Y, Z} of X such that Y and Z are G(X)-invariant subsets, otherwise it is called
indecomposable. Referring to a well known result (see [14, Prop. 2.12]) in terms
of cycle sets, we know that a cycle set X is indecomposable if and only if the
permutation group G(X) acts transitively on X .
Following Vendramin [25], if I is a cycle set and S a non-empty set, then
α : I × I × S −→ Sym(S), (i, j, s) 7→ α(i,j)(s,−) is a dynamical cocycle if
α(i·j,i·k)(α(i,j)(r, s), α(i,k)(r, t)) = α(j·i,j·k)(α(j,i)(s, r), α(j,k)(s, t)), (2)
for all i, j, k ∈ I, r, s, t ∈ S. Moreover, if α is a dynamical cocycle, then the
cycle set S ×α I := (S × I, ·), where
(s, i) · (t, j) := (α(i,j)(s, t), i · j), (3)
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for all i, j ∈ I, s, t ∈ S, is called dynamical extension of I by α.
By [14, Theorem 3.8] (or by [6, Proposition 2] applied with Y = σ(X)), if X
is an indecomposable finite cycle set, then there exist a set S and a dynamical
cocycle α : σ(X)× σ(X)× S −→ Sym(S) such that X ∼= σ(X)×α S.
From now on, we will focus our attention on indecomposable finite cycle sets
having abelian permutation group. In the rest of this section we will show that
the cycle sets of this type are always non-degenerate and multipermutational:
note that by [21, Theorem 2] and [10], these facts are true for every finite cycle
sets with abelian permutation group, but, for the indecomposable ones, we are
able to exhibit two easier proofs.
Proposition 1. [20] Let X be an indecomposable finite cycle set such that |X | >
1 and with abelian permutation group G(X). Then σ(X) is an indecomposable
cycle set and X is multipermutational.
Proof. Since X is finite, it is easy to check that σ(X) is an indecomposable cycle
set. Moreover, it is easy to show that G(σ(X)) is abelian. So it is sufficient
to show that X is retractable: indeed, in this case, by induction on |X | we
obtain easily that X is multipermutational. So we prove that |σ(X)| < |X |.
If σ(X) = X then all the elements of X acts differently to each other and,
since G(X) is a transitive abelian group on X , we have that |G(X)| = |X | and
therefore there exists a unique x ∈ X such that σx = idX . If y ∈ X then
y· z = (x· y)· (x· z) = (y·x)· (y· z),
for all z ∈ X . Since G(X) is a transitive abelian group on X , it is regular. Then
σ(y·x) = σx for all y ∈ X . Now, since σ(X) = X it follows that y·x = x for all
y ∈ X and hence G(X) does not act transitively on X , in contradiction with
the indecomposability of X .
Proposition 2. [20] Let X be an indecomposable finite cycle set with abelian
permutation group G(X). Then X is non-degenerate.
Proof. We prove the thesis by induction on |X |. If |X | = 2 the thesis is trivial.
Now, let X be a cycle set with |X | > 2 and x, y ∈ X such that x·x = y· y.
By the previous proposition |σ(X)| < |X | and, by inductive hypothesis, the
equality σx·x = σy·y implies σx = σy . Hence
x·x = y· y = x· y
that implies x = y. This proves the injectivity of the squaring map q. By the
finiteness of X the thesis follows.
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3. Indecomposable cycle sets of order pk and cyclic permutation group
In this section we give a method to construct all the indecomposable cycle sets
of cardinality a prime-power and cyclic permutation group. For this purpose,
the following lemma will be of crucial importance.
Lemma 3. Let X be an indecomposable finite cycle set having cyclic permuta-
tion group G(X) generated by an element α ∈ Sym(X).
Then σα|σ(X)|(x) = σx for every x ∈ X. In particular |σ(X)| is the minimal
integer such that the previous equality holds.
Proof. Let x ∈ X and k ∈ N such that σαk(x) = σx. Now we show that
σαk+j(x) = σαj(x) for every j ∈ N. Let y1, . . . , ys ∈ X such that α = σy1 · · ·σys .
Then we have that
σαk+1(x) = σy1·(y2·(···(ys·αk(x))··· )))
= σy1 · (· · · (σys · σαk(x))
= σy1 · (· · · (σys · σx)
= σα(x)
hence the thesis follows for j = 1. Now,
σαk+j(x) = σy1·(y2·(···(ys·αk+j−1(x))··· )))
= σy1 · (· · · (σys · σαk+j−1(x))
= σy1 · (· · · (σys · σαj−1(x))
= σαj(x)
where in the third equality we used the inductive hypothesis. This implies that
n¯ := min{n | n ∈ N σαn(x) = σx} does not depend on the choice of the element
x and that σ(X) = {σx, σα(x), ..., σαn¯−1(x)}, hence the thesis.
An other simple but useful result for our scope is the following lemma, in
which we prove that if X is an indecomposable finite cycle set of cardinality
a prime-power and cyclic permutation group, then G(X) is generated by one
left multiplication. Since indecomposable cycle sets of prime size have been
completely described in [14], from now on, if not specified, when a cycle set has
size pk for some prime number p, then k will be a natural number greater than
1.
Lemma 4. Let X be an indecomposable cycle set of order pk and with cyclic
permutation group G(X) :=< ψ >, where p is a prime integer and k a natural
number. Then there exists x ∈ X such that < σx >= G(X).
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Proof. By [14, Prop. 2.12], G(X) acts transitively on X , therefore we have
that |G(X)| = |X | = pk. Moreover, for every x ∈ X there exists ax ∈ N such
that σx = ψ
ax , hence it is sufficient to show that there exists x ∈ X such that
(ax, p) = 1.
If we suppose p | ax for every x ∈ X , then G(X) is contained in < ψ
p > and
hence |G(X)| < pk, a contradiction.
Referring to Lemma 4, if X is an indecomposable cycle set having pk elements
and cyclic permutation group, hereinafter, without loss of generality, we can
suppose that X := {0, ..., pk − 1}, G(X) =< t1 > and σ0 = t1, where t1 is the
permutation given by t1 := (0, ..., p
k − 1).
In order to show the main results of this section, we exhibit some other prelim-
inary lemmas.
Lemma 5. Let X := {0, ..., pk − 1} be an indecomposable cycle set with cyclic
permutation group G(X) :=< t1 >, where p is a prime integer and k a natural
number, j0, ..., jpk−1 ∈ N such that σi = t
ji
1 for every i = 0, ..., p
k − 1. Then
ji ≡ ji+|σs(X)| (mod |σ
s−1(X)|) for every i ∈ {0, ..., pk − 1} and s ∈ N.
Proof. Since by Proposition 1 X is multipermutational, we prove the thesis by
induction on mpl(X). If mpl(X) = 1 the thesis is trivial. Now, let t¯1 be the
element of Sym(σ(X)) given by t¯1 = (σx0 ... σx|σ(X)|−1 ). Then it follows that
G(σ(X)) =< t¯1 > and σσxi = t¯
j′i
1 for every i = 0, ..., |σ(X)| − 1, where j
′
i is the
rest of ji by the division for |σ(X)|. By inductive hypothesis we have that j
′
i ≡
j′
i+|σs+1(X)| (mod |σ
s(X)|) for every s ∈ N and, since by [6, Lemma 1] |σs(X)|
divides |σ(X)| for every s ∈ N, it holds that ji ≡ ji+|σs+1(X)| (mod |σ
s(X)|) for
every i ∈ {0, ..., pk − 1} and s ∈ N.
It remains to prove that ji ≡ ji+|σ(X)| (mod |X |) for every i ∈ {0, ..., p
k − 1},
but this fact holds by Lemma 3.
Corollary 6. Let X := {0, ..., pk−1} be an indecomposable cycle set with cyclic
permutation group G(X) :=< t1 >, where p is a prime integer and k a natural
number, j0, ..., jpk−1 ∈ N such that σi = t
ji
1 for every i = 0, ..., p
k − 1. Then
< σx >= G(X) for every x ∈ X.
Proof. By Proposition 1, X is a multipermutational cycle set. Let s be its
multipermutational level. By the previous proposition ji+1 ≡ ji (mod σ
s−1(X))
for every i ∈ {0, ..., pk − 1}. Since j0 = 1 and p||σ
s−1(X)|, it follows that
ji ≡ 1 (mod p) for every i ∈ {0, ..., p
k − 1}, hence the thesis.
Lemma 7. Let m ∈ N, p a prime number, j0, ..., jm+1 ∈ N such that j0 = 0
and ji < ji+1 for every i ∈ {0, ...,m} and n ∈ {0, ..., p
jm+1 − 1}. Then there
exists a unique (a0, ..., am) ∈ N
m+1 such that n = a0+a1p
j1+ ...+amp
jm , where
ai ∈ {0, ...,
pji+1
pji
− 1} for every i ∈ {0, ...,m}.
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Proof. We prove the thesis by induction on m. If m = 1 the thesis is trivial.
Therefore, suppose that for every n ∈ {0, ..., pjm − 1} there exists a unique
(a0, ..., am−1) ∈ N
m such that n = a0 + a1p
j1 + ... + am−1p
jm−1 , where ai ∈
{0, ..., p
ji+1
pji
− 1} for every i ∈ {0, ...,m− 1}.
Now, let n ∈ {0, ..., pjm+1 − 1} and consider two cases. If n < pjm then, by
inductive hypothesis, there exists a unique (a0, ..., am−1) ∈ N
m such that n =
a0+ a1p
j1 + ...+ am−1p
jm−1 , hence (a0, ..., am−1, 0) is an element of N
m+1 such
that n = a0 + a1p
j1 + ... + am−1p
jm−1 + 0pjm . The unicity of (a0, ..., am−1, 0)
follows from the fact that, if am > 0, then n > p
jm − 1.
If n > pjm − 1 then there exist a ∈ {0, ..., p
jm+1
pjm
− 1} and b ∈ {0, ..., pjm −
1} such that n = apjm + b. Moreover, such pair (a, b) is unique. Then, by
inductive hypothesis applied on b, we obtain that there exist a unique element
(b0, ..., bm) ∈ N
m+1 such that n = b0 + b1p
j1 + ...+ bmp
jm .
Now we are able to exhibit the main results. At first, we show a method to
construct indecomposable cycle sets of prime-power size and cyclic permutation
group. Since the multipermutational cycle sets of level 1 are in some sense
”trivial”, in this context we will consider cycle sets of level at least 2.
Theorem 8. Let X := {0, ..., pk − 1}, n ∈ N \ {1}, j0, ..., jn ∈ N ∪ {0} such
that jn = 0, j0 = k, ji < ji−1 for every i ∈ {1, ..., n} and {fi}i∈{1,...,n−1} a set
of functions such that
fi : Z/p
jiZ −→ {0, ..., pji−1/pji − 1}
fi(0) = 0 for every i ∈ {1, ..., n− 1} and the function
ϕi : {0, ..., p
ji − 1} −→ {1, ..., pji−1 − 1}
l 7→ 1 + pjn−1fn−1(l) + ...+ p
jifi(l)
is injective for every i ∈ {1, ..., n− 1}. Moreover, set ψ := (0 ... pk − 1) and
σi := ψ
1+pjn−1fn−1(i)+...+p
j1f1(i) (4)
for every i ∈ X. Define
Kj,i := j + 1 + p
n−1fn−1(i) + ...+ p
j2f2(i)
and
Qj,i := p
jn−1fn−1(i) + ...+ p
j1f1(i) + p
jn−1fn−1(Kj,i) + ...+ p
j1f1(Kj,i)
for every i, j ∈ X and suppose that Qi,j ≡ Qj,i (mod p
k) for every i, j ∈
{0, ..., pk − 1}.
Then X is an indecomposable cycle set of level n and cyclic permutation group
< ψ > such that |σi(X)| = pji for every i ∈ {0, ..., n}.
8
Proof. Clearly every left multiplication is bijective. Moreover, since Qi,j ≡
Qj,i (mod p
k) for every i, j ∈ X we obtain that
σσi(j)σi = t
2+Qi,j
1 = t
2+Qj,i
1 = σσj(i)σj
for every i, j ∈ X , hence X is a cycle set. By the definition of the left multipli-
cations it follows that G(X) =< ψ > and X is indecomposable.
Now we show that |σi(X)| = pji for every i ∈ {0, ..., n} by induction on i. If i = 1
then, since ϕ1 is injective, we obtain that σx = σy if and only if x ≡ y (mod p
j1),
hence |σ(X)| = pj1 . Hence, suppose that |σi(X)| has cardinality pji . With a
standard calculation one can see that |σi(X)| is isomorphic to the cycle set on
{0, ..., pji − 1} given by
σj :=
{
t¯
1+|σn−1(X)|fn−1(j)+...+|σ
i+1(X)|fi+1(j)
1 if i < n− 1
t¯1 if i = n− 1
for every j ∈ {0, ..., pji − 1},where t¯1 := (0, ..., p
ji − 1).
If i < n − 1, since ϕi+1 is injective, we obtain that σj = σj′ if and only if
j ≡ j′ (mod pji+1), therefore |σi+1(X)| = pji+1 . If i = n − 1 then all the left
multiplications of σi(X) are equal to t¯1, hence |σ
i+1(X)| = |σn(X)| = 1 =
pjn .
The previous theorem allows us to obtain all the indecomposable cycle sets of
prime-power size and cyclic permutation group, as we can see in the following
theorem.
Theorem 9. Let X := {0, ..., pk−1} be an indecomposable cycle set of order pk,
where p is a prime integer and k a natural number, having multipermutational
level n > 1 and with cyclic permutation group G(X) =< t1 >, where σ0 = t1.
Then for every j ∈ {1, ..., n− 1} there exists a function
fj : Z/|σ
j(X)|Z −→ {0, ..., |σj−1(X)|/|σj(X)| − 1}
such that fj(0) = 0, the function
ϕb : {0, ..., |σ
b(X)| − 1} −→ {1, ..., |σb−1(X)| − 1}
i 7→ 1 + |σn−1(X)|fn−1(i) + ...+ |σ
b(X)|fb(i)
is injective and
σi = t
1+|σn−1(X)|fn−1(i)+...+|σ(X)|f1(i)
1 (5)
for every i ∈ {0, ..., pk − 1} and b ∈ {1, ..., n− 1}. Moreover, if we put
Kj,i := j + 1 + |σ
n−1(X)|fn−1(i) + ...+ |σ
2(X)|f2(i)
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and
Qj,i := |σ
n−1(X)|fn−1(i)+...+|σ(X)|f1(i)+|σ
n−1(X)|fn−1(Kj,i)+...+|σ(X)|f1(Kj,i)
for every i, j ∈ {0, ..., pk − 1} then Qi,j ≡ Qj,i (mod p
k).
Proof. By Corollary 6 for every j ∈ X there exists mj ∈ {1, ..., p
k−1} such that
σj = t
mj
1 and mj ≡ 1 (mod p).
By Lemma 7, there exist a unique n− 1−uple (a1, ..., an−1) such that
mj = 1+ a1|σ(X)|+ ...+ an−1|σ
n−1(X)|
and aj ∈ {0, ..., |σ
j−1(X)|/|σj(X)| − 1} for every j ∈ {1, ..., n− 1}.
Now, by Lemma 5 we can define the function
fl : Z/|σ
l(X)|Z −→ {0, ..., |σl−1(X)|/|σl(X)| − 1}
fl([j]) := al
for every j ∈ X and l ∈ {1, ..., n − 1}, where [j] denote the class of j module
|σl(X)|. By construction we have that (5) holds.
Moreover, since σσi(j)σi = σσj(i)σj for every i, j ∈ X , we have that t
2+Qi,j
1 =
t
2+Qj,i
1 , hence Qi,j ≡ Qj,i (mod p
k).
It remains to show that the function ϕb is injective for every b ∈ {1, ..., n− 1}.
By Lemma 3, we have that ϕ1 is injective.
Now, σ(X) is an indecomposable cycle set such that G(σ(X)) =< t¯1 >, where
t¯1 := (σ0, ..., σ|σ(X)|), and σσi = t¯
1+|σn−1(X)|fn−1(i)+...+|σ
2(X)|f2(i)
1 for every σi ∈
σ(X). By Lemma 3 applied to σ(X) we obtain that ϕ2 is injective. With
a similar argument on σz(X) one can show that ϕz+1 is injective for every
z ∈ {1, ..., n− 2}.
As an easy consequence of the previous theorems, we obtain the following
corollary.
Corollary 10. Let X be a finite indecomposable cycle set having permutation
group G(X) isomorphic to (Z/pkZ,+). Then X is either a multipermutational
cycle set of level 1 or one of the cycle sets constructed in Theorem 8.
Proof. Since X is indecomposable and G(X) is cyclic, we have that X is mul-
tipermutational and |X | = |G(X)| = pk. Then the thesis follows by Lemma 4
and Theorem 9.
We conclude this section using the previous results to provide some examples
of indecomposable cycle sets with cyclic permutation group.
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Example 1. Let X := {0, 1, 2, 3}, n := 2, j0 := 4, j1 := 2, j2 := 1 and
f1 : Z/2Z −→ {0, 1} the function given by f1(0) := 0 and f1(1) := 1. Moreover,
let ϕ1, {σx}x∈X , {Ki,j}i,j∈X and {Qi,j}i,j∈X be as in Theorem 8.
Then, by Theorem 8 X is an indecomposable cycle set of level 2 and with
permutation group generated by the 4-cycle (0 1 2 3). In particular,
σ0 = σ2 := (0 1 2 3) σ1 = σ3 := (0 3 2 1).
Example 2. Let X := {0, 1, 2, 3, 4, 5, 6, 7}, n := 2, j0 := 8, j1 := 2, j2 := 1
and f1 : Z/2Z −→ {0, 1, 2, 3} the function given by f1(0) := 0 and f1(1) := 2.
Moreover, let ϕ1, {σx}x∈X , {Ki,j}i,j∈X and {Qi,j}i,j∈X be as in Theorem 8.
Then, by Theorem 8 X is an indecomposable cycle set of level 2 and with
permutation group generated by the 8-cycle (0 1 2 3 4 5 6 7). In particular,
σ0 = σ2 = σ4 = σ6 := (0 1 2 3 4 5 6 7)
σ1 = σ3 = σ5 = σ7 := (0 5 2 7 4 1 6 3).
Example 3. Let X := {0, 1, 2, ..., 30, 31}, n := 3, j0 := 32, j1 := 8, j2 := 2,
j3 = 1, f1 : Z/8Z −→ {0, 1, 2, 3} the function given by
f1(0) = f1(1) := 0 f1(2) = f1(3) := 3
f1(4) = f1(5) := 2 f1(6) = f1(7) := 1
and f2 : Z/2Z −→ {0, 1, 2, 3} the function given by f2(0) := 0 and f2(1) = 2.
Moreover, let ϕ1, ϕ2, {σx}x∈X , {Ki,j}i,j∈X and {Qi,j}i,j∈X be as in Theorem 8.
Then, by Theorem 8 X is an indecomposable cycle set of level 3 and with
permutation group generated by α := (0 1 ... 30 31). The left multiplications of
X are defined as follows
σx :=


α if x ≡ 0 (mod 8)
α5 if x ≡ 1 (mod 8)
α25 if x ≡ 2 (mod 8)
α29 if x ≡ 3 (mod 8)
α17 if x ≡ 4 (mod 8)
α21 if x ≡ 5 (mod 8)
α9 if x ≡ 6 (mod 8)
α13 if x ≡ 7 (mod 8)
for every x ∈ X . In particular, σ(X) is isomorphic to the previous example.
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4. Indecomposable cycle sets of cardinality pq and cyclic permutation
group
In the first part of this section we use the results of the previous one to give
a complete classification of indecomposable cycle sets of size p2 (where p is a
prime number) and with cyclic permutation group.
In the end, we will show that all the indecomposable cycle sets of cardinality pq
(where p and q are distinct prime numbers) and cyclic permutation group have
multipermutational level equal to 1.
We start the section with a simple but useful lemma.
Lemma 11. Let f : Z/pZ→ {0, ..., p− 1} be a bijection such that f(0) = 0 and
f(i+ 1) + f(j) ≡ f(i) + f(j + 1)(mod p) (6)
for all i, j ∈ Z/pZ. Then there exist t ∈ Z/pZ, with t 6= 0 such that
f(k) = kt (7)
for every k ∈ Z/pZ, where kt is the representative of kt in {0, ..., p− 1}. Con-
versely, every maps of type (7) satisfies (6). In particular there are (p − 1)
bijections of this type.
Proof. It is a straightforward calculation.
Corollary 12. Let X := {0, ..., p2 − 1} be an indecomposable cycle sets of
cardinality p2 of multipermutational level equal to 2 having cyclic permutation
group. Then there exists a bijection f : Z/pZ→ {0, ..., p−1} satisfying (6) such
that f(0) = 0 and σi = t
1+pf([i])
1 for every i = {0, . . . p
2 − 1}, where [i] is the
class of i module p.
Conversely, let X := {x0, . . . , xp2−1}, f : Z/pZ → {0, ..., p − 1} a bijective
map with f(0) = 0 such that (6) holds and φ the permutation given by φ :=
(x0, . . . xp2−1). Let · be the binary operation on X given by σxi := φ
1+pf([i])
for every i ∈ {0, . . . , p2 − 1}. Then (X, ·) is an indecomposable cycle set of
multipermutational level equal to 2 and with G(X) =< φ >.
Proof. It follows by Theorems 8 and 9.
By the previous Corollary, we have that for every indecomposable cycle set
X of size p2, multipermutational level 2 and with cyclic permutation group
G(X) =< σx > (where x is an arbitrary element of X) there exists a bijective
function f : Z/pZ → {0, ..., p − 1} such that f(0) = 0 and σy := σ
1+pf([i])
x for
every y ∈ X , where i is a natural number such that y = σix(x). It is easy to
see that the function f does not depend on the choice of the element x. In the
following proposition we will see that f allows us to distinguish the isomorphism
classes of these cycle sets.
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Proposition 13. Let X and Y be indecomposable cycle sets of cardinality p2,
multipermutational level 2 and with cyclic permution groups. Let x0 ∈ X such
that σx0 = φ = (x0...xp2−1). Let fX : Z/pZ → {0, ..., p− 1} and fY : Z/pZ →
{0, ..., p − 1} be the bijective functions constructed as in the previous remark,
hence σxi = φ
1+pfX ([i]) for every i ∈ {0, ..., p− 1}. Then fX = fY if and only if
X ∼= Y .
Proof. Suppose that there exist an isomorphism F from X to Y and define
y0 := F (x0) and yi := y0· yi−1 for every i > 0. Then
F (xi·xj) = F (φ
1+pfX (i)(xj)) = F (σ
1+pfX ([i])
x0
(xj)) = σ
1+pfX ([i])
y0
(yj) = yj+1+pfX ([i])
and
F (xi)·F (xj) = yi· yj = σ
1+pfY ([i])
y0
(yj) = yj+1+pfY ([i])
for every i, j ∈ {0, ..., p2 − 1}, where j + 1 + pfX([i]) and j + 1 + pfY ([i]) are
considered module p2. This implies that
j + 1 + pfX([i]) ≡ j + 1 + pfY ([i]) (mod p
2)
for every i, j ∈ {0, ..., p2 − 1} and hence fX = fY .
The converse is an easy calculation.
Using the previous results, a complete classification of indecomposable cycle
sets of size p2 and cyclic permutation group is obtained.
Theorem 14. For every prime number p there are, up to isomorphism, p in-
decomposable cycle sets of cardinality p2 and cyclic permutation group: p − 1
having level 2 and 1 of level 1. In particular, those having level 2 are given (up
to isomorphisms) by X := {0, ..., p2−1} and σi(j) := t
1+pf(i)
1 for every i, j ∈ X,
where f is one of the map of Lemma 11.
Proof. By Proposition 1 and [14, Theorem 3.7], every indecomposable cycle set
of size p2 and cyclic permutation group is multipermutational of level at most 2.
Then the thesis follows by the previous proposition, Corollary 12 and Lemma
11.
In the rest of this section we will show that the only indecomposable cycle
set of cardinality pq (where p and q are distinct prime numbers) having cyclic
permutation group are those having level 1. At first we exhibit a preliminary
lemma.
Lemma 15. Let X be a finite indecomposable cycle set of multipermutational
level 2 and with permutation group G(X) =< α >. If αa and αb are elements
of σ(X), then a ≡ b (mod |σ(X)|).
13
Proof. Let αa, αb ∈ σ(X) and x1, x2 ∈ X such that σx1 := α
a and σx2 := α
b.
Then σx1 · σz = σx2 · σz for every z ∈ X . So, σαa(z) = σαb(z) for every z ∈ X
and hence σαa(α−a(z)) = σαb(α−a(z)). Therefore σz = σαb−a(z) for every z ∈ X ,
hence by Lemma 3 a ≡ b (mod |σ(X)|).
Proposition 16. Let X be a finite indecomposable cycle set of cardinality pq
and with cyclic permutation group G(X) =< α >, where p and q are prime
numbers with p < q. Then mpl(X) = 1.
Proof. By Proposition 1, X is a multipermutational cycle set and, by [14, The-
orem 3.7], mpl(X) ≤ 2 and |σ(X)| ∈ {p, q, 1}.
If mpl(X) = 2 and |σ(X)| = q, by Lemma 15 there exists a ∈ {1, . . . pq − 1}
such that σ(X) ⊆ {αa+qt|t ∈ N}. Hence |σ(X)| < q, a contradiction.
If |σ(X)| = p by Lemma 15 there exists a ∈ {1, . . . pq − 1} such that σ(X) is
contained in {αa+pt|t ∈ N}. Now, observe that p ∤ a, otherwise the permutation
group G(X) is contained in < αp >, in contradiction with |G(X)| = pq. More-
over, this implies that idX = α
0 /∈ σ(X) and therefore | < αq > ∩σ(X)| < p.
Let x ∈ X and t′ ∈ {1, ..., q− 1} be such that σx = α
a+pt′ and q ∤ a+ pt′. Since
p ∤ a + pt′ we obtain that gcd(pq, a + pt′) = 1 and hence G(X) =< σx >. So,
without loss of generality we can suppose that α = σx.
Now, put x0 := x and xi := α
i(x) for every i ∈ {1, ...., pq − 1}. By Lemma 3
we have that σ(X) = {σx0 , ..., σxp−1}, hence by [14, Theorem 2.12], it follows
that σxi ·σxj = σx0 ·σxj = σxj+1 for every xi, xj ∈ X (where j + 1 is considered
module p)
Hence, for every i ∈ {0, ...., pq − 1} there exist ti ∈ {0, ..., q − 1} such that
σxi = α
1+pti , ti 6= ti+j for every j ∈ {1, ..., p− 1} and, by Lemma 3, ti = ti+p.
Now, since σxi·xjσxi = σxj ·xiσxj for every i, j ∈ {0, ..., pq − 1} we have that
2 + ptj+1 + pti ≡ 2 + pti+1 + ptj (mod pq)
which implies
tj+1 + ti ≡ ti+1 + tj (mod q)
for every i, j ∈ {0, ..., pq − 1}. Since t0 = 0, we obtain that there exists k ∈
{1, ..., q − 1} such that ti = k¯i, where k¯i is the rest of ki in the division by q,
for every i ∈ {1, ..., p− 1}. In this way, tp = t0 = 0 and
−k(p− 1) ≡ tp − tp−1 ≡ t1 ≡ k (mod q),
hence q | kp, a contradiction. Therefore the thesis follows.
5. Indecomposable cycle sets of cardinality pq and abelian permuta-
tion group
In this section we focus on indecomposable cycle sets with a permutation group
that is abelian non-cyclic. In the main result we will show that there is, up to
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isomorphism, only one indecomposable cycle set of size p2, multipermutational
level equal to 2 and with abelian non-cyclic permutation group. This fact allows
us to give a complete classification of indecomposable cycle sets of cardinality
pq and abelian permutation group.
At first, we show a construction of indecomposable cycle set of size p2.
Proposition 17. Let (Z/pZ× Z/pZ, ·α ) be the algebraic structure given by
(a, i)·α (b, j) := (b + 1, α
a(j))
for all (a, i), (b, j) ∈ Z/pZ× Z/pZ, where α is a p−cycle of Sym(Z/pZ). Then
(Z/pZ × Z/pZ, ·α ) is an indecomposable cycle set having permutation group
isomorphic to Z/pZ×Z/pZ. Moreover, if α′ is an other p−cycle of Sym(Z/pZ),
we have that (Z/pZ× Z/pZ, ·α ) ∼= (Z/pZ× Z/pZ, ·α′ )
Proof. Verifying that (Z/pZ× Z/pZ, ·α ) is an indecomposable cycle set having
the permutation group isomorphic to Z/pZ×Z/pZ is a long but easy calculation.
Now, let α′ be a p−cycle of Sym(Z/pZ). Then there exist an element f ∈
Sym(Z/pZ) such that α = f−1α′f .
Let ψ : (Z/pZ× Z/pZ, ·α )→ (Z/pZ× Z/pZ, ·α′ ) be given by
(a, i) 7→ (a, f(i))
for every (a, i) ∈ (Z/pZ× Z/pZ, ·α ). Then
ψ((a, i)· (b, j)) = ψ(b+ 1, αa(j)) = (b + 1, f(αa(j))) =
(b+ 1, α′a(f(j))) = (a, f(i))· (b, f(j)) = ψ(a, i)·ψ(b, j)
for all (a, i), (b, j) ∈ Z/pZ× Z/pZ. Since ψ is bijective, the thesis follows.
In the following result we will prove that, up to isomorphism, the unique
indecomposable cycle set of size p2 and permutation group isomorphic to Z/pZ×
Z/pZ is the one obtained in the previous proposition.
Proposition 18. Let I be an indecomposable cycle set of size p2, level 2 and
with permutation group G(I) isomorphic to Z/pZ×Z/pZ. Then I is isomorphic
to the cycle set (Z/pZ× Z/pZ, ·α ) of the previous proposition.
Proof. By [25, Theorem 2.12] and [6, Proposition 2], I is isomorphic to a dynam-
ical extension on X ×β S, where X := {x1, ..., xp} is a cycle set isomorphic to
σ(I), S := {s1, ..., sp} and β is a dynamical cocycle. Without loss of generality,
by [14, Theorem 2.12] we can suppose that xi·xj = xθ(j) for every xi, xj ∈ X ,
where θ is the permutation of Sym({1, ..., p}) given by θ := (1, ..., p).
If x ∈ X , by [6, Lemma 6] the subgroupHx = {h|h ∈ G(I), h({x}×S) ⊆ {x}×S}
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is transitive on {x}×S and since G(I) is abelian, by [6, Lemma 5] we have that
Hx is transitive on {y} × S for every y ∈ X . Moreover, since |G(I)| = p
2,
necessarily |Hx| = p, hence Hx is generated by a permutation γ transitive on
the subset Ly := {(y, s)|s ∈ S} for every y ∈ X , therefore
γ := ((x1, sk1,1)...(x1, sk1,p))...((xp, skp,1)...(xp, skp,p)).
Now, let η be a left multiplication of X ×β S. Then η has order p and, by
the definition of the left multiplications in X , it acts as a p-cycle on the set
∆ := {{x} × S | x ∈ S}, hence
η = ((x1, sl1,1)...(xp, sl1,p))...((x1, slp,1)...(xp, slp,p)).
It is not restrictive (after renaming the elements of S) supposing that li,j = i
for every i, j ∈ {1, ..., p}, hence
η = ((x1, s1)...(xp, s1))...((x1 , sp)...(xp, sp)).
Now, let k¯j ∈ Sym({1, ..., p}) be given by k¯j = (kj,1...kj,p) for every j ∈
{1, ..., p}. Then
γηγ−1 = ((x1, sk¯1(1))...(xp, sk¯p(1)))...((x1, sk¯1(p))...(xp, sk¯p(p)))
and, since G(I) is abelian necessarily γηγ−1 = η, therefore k¯j1 = k¯j2 for every
j1, j2 ∈ {1, ..., p}. So
γ := ((x1, sk1,1)...(x1, sk1,p))...((xp, sk1,1)...(xp, sk1,p))
and G(I) =< η > ×Hx =< η > × < γ >.
In this case, every left multiplication of the cycle set is in the form ηtγu for
some t, u ∈ {0, ..., p− 1}. By the definition of the left multiplication on X we
have that σ(xi,si) = ηγ
ni for some ni ∈ {0, ..., p− 1} for every i ∈ {1, ..., p}. We
have to determine the numbers ni. Now, since X ×S is a cycle set, equality (1)
holds, and this implies that
nj+1 − nj ≡ ni+1 − ni (mod p) (8)
for every i, j ∈ {1, ..., p} (where i+ 1 and j + 1 are considered module p).
Since | < γ > | = |X | = |σ(X)| = p, there exist a unique q ∈ {1, ..., p} such that
σ(xq,s) = ηγ
0 = η. After translating the variables {xi}i∈{1,...,p}, we can suppose
that q = p. Therefore if σ(x1,s) = ηγ
n1 for some n1 ∈ {1, ..., p − 1}, we obtain
that
σ(xv,sw) = ηγ
n1v
for every v, w ∈ {1, ..., p}, hence the thesis.
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Finally, we can give the classification of indecomposable cycle sets of order pq
and with abelian permutation group.
Theorem 19. Let p and q be prime numbers not necessarily distinct. Then the
indecomposable cycle sets of order pq and with abelian permutation group are,
up to isomorphism, the following:
• Case p 6= q
a) (Z/pqZ, · ) where i· j = j + 1 for all i, j ∈ Z/pqZ. In this case,
G(Z/pqZ) ∼= (Z/pqZ,+).
• Case p = q
a) (Z/p2Z, · ) where i· j = j + 1 for all i, j ∈ Z/p2Z. In this case,
G(Z/p2Z) ∼= (Z/p2Z,+).
b) (Z/p2Z, ·f ) where i· j = j + 1 + pf(i) for all i, j ∈ Z/p
2Z and f :
Z/pZ −→ {0, ..., p− 1} is a function as in Lemma 11. In this case,
G(Z/p2Z) ∼= (Z/p2Z,+). Moreover, there are p − 1 non-isomorphic
cycle sets of this type.
c) (Z/pZ × Z/pZ, · ) where (i, s)· (j, t) = (j + 1, t + i) for all i, j, s, t ∈
Z/pZ. In this case, G(Z/pZ× Z/pZ) ∼= (Z/pZ× Z/pZ,+).
Proof. If an indecomposable cycle set I has abelian permutation group G(I), by
the transitivity of G(I) on I it follows that |G(I)| = |I|.
If p 6= q then G(I) is isomorphic to (Z/pqZ,+) (the unique abelian group of
size pq) while if p = q we obtain that G(I) is isomorphic to (Z/p2Z,+) or
(Z/pZ× Z/pZ,+).
Since by Proposition 1 every indecomposable finite cycle set with abelian per-
mutation group is multipermutational and by [14, Theorem 3.7] an indecom-
posable cycle set of order pq (where p and q are prime numbers not necessarily
distinct) has multipermutational level at most 2, the thesis follows by Corollary
12, Propositions 13, 16 and 18.
Actually, by computer calculations, all the indecomposable cycle sets of size at
most 8 are known. As final comment, referring to [26, Problem 4], we remark
that the previous result allows us to provide very easily all the indecomposable
cycle sets having abelian permutation group and size 9.
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